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In this talk

Local reasoning for 

quantum computation
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In this talk

Local reasoning for 

quantum computation
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(with a user-friendly and 

intuitive mindset)



Fill in the blank

It is hard to ……. quantum programs

A. Write 

B. Understand

C. Verify

D. All of the above (‘superpositionally’)
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Quantum programs: Example

measurement
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Quantum programs: Example
quantum gates measurement

qubits
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Quantum programs: Example
quantum gates measurement

qubits
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Quantum programs: Example
quantum gates measurement

qubits
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Is this better?



Example: Deutsch’s algorithm
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𝑓 0 = 𝑓(1) 𝑓 0 ≠ 𝑓(1)

f is constant f is balanced

𝑓: {0,1} ↦ {0,1}



Example: Deutsch’s algorithm
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𝑓: {0,1} ↦ {0,1}

𝑓 0 = 𝑓(1) 𝑓 0 ≠ 𝑓(1)

f is constant f is balanced



Example: Deutsch’s algorithm
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𝑓: {0,1} ↦ {0,1}

𝑓 0 = 𝑓(1) 𝑓 0 ≠ 𝑓(1)

f is constant f is balanced

Classical algorithm: evaluate f twice

Quantum algorithm: evaluate f once



Example: Deutsch’s algorithm
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Superposition

10 or

Classical computation: Bit
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Superposition

0 0     ‘and’    1
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Quantum computation: Quit



Superposition

0 0     ‘and’    1
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Quantum computation: Quit

Parallelism



“A good quantum computer algorithm ensures that 
computational paths leading to a wrong answer cancel out 
and that paths leading to a correct answer reinforce.”

Scott Aaronson
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Example: Deutsch’s algorithm
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encode the superposition



Example: Deutsch’s algorithm
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evaluate f



Example: Deutsch’s algorithm
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decode and measure



Programming language
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Programming language

Qubit allocation and deallocation
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Superposition

22

𝑞∗ ↦ 𝛼 0 + 𝛽|1⟩



Superposition

Qbit id
Superposition

(Dirac notation)

Complex coefficients

𝛼 2 + 𝛽 2 = 1
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𝑞∗ ↦ 𝛼 0 + 𝛽|1⟩



Mixed state

𝑞∗ ↦ 𝛼1 0 + 𝛽1 1𝜌1 ∙

𝑞∗ ↦ 𝛼2 0 + 𝛽2 1𝜌2 ∙

𝑞∗ ↦ 𝛼𝑛 0 + 𝛽𝑛 1𝜌𝑛 ∙

….
Probabilities Pure states

𝜌1 +⋯+ 𝜌𝑛 = 1
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A simpler representation

𝑞∗ ↦ 𝛼 0 + 𝛽 1𝜌 ∙

Pure state tagged with probability
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A simpler representation

𝑞∗ ↦ 𝛼 0 + 𝛽 1𝜌 ∙

Pure state tagged with probability

Pros: simple, intuitive, local reasoning

Cons: expressiveness, completeness
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Programming language

Transformation
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Transformation

𝜌 ∙ 𝑞∗ ↦ |𝑠⟩ 𝜌 ∙ 𝑞 ↦ 𝐺|𝑠⟩G

28



Transformation: Example

𝐻 =
1

2

1 1
1 −1

=

1

2

1

2
1

2
−

1

2

𝑞∗ ↦ 0 =
1

0
𝑞∗ ↦ 𝐻 0 =

1

2
1

2

=
1

2
0 +

1

2
1H

Hadamard gate:
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Programming language

Measurement
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Measurement

𝜌 ∙ 𝑞∗ ↦ 𝛼0 0 +⋯𝛼𝑛|𝑛⟩

𝜌 𝛼0
2 ∙ 𝑞∗ ↦ |0⟩

𝜌 𝛼𝑛
2 ∙ 𝑞∗ ↦ |𝑛⟩

….V
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Measurement: Example

1

2
∙ 𝑞∗ ↦

1

2
0 +

1

2
1

1

4
∙ 𝑞∗ ↦ |0⟩

∨
1

4
∙ 𝑞∗ ↦ |1⟩
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Programming language
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Quantum rules

Allocation

Deallocation

Transformation

Measurement
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Frame rule

35

𝑃 𝑐 𝑄 𝐹𝑉 𝐹 ∩𝑀𝑉 𝑐 = ∅

𝑃 ⋆ 𝐹 𝑐{𝑄 ⋆ 𝐹}



Frame rule

𝑃 𝑐 𝑄 𝐹𝑉 𝐹 ∩𝑀𝑉 𝑐 = ∅

𝑃 ⋆ 𝐹 𝑐{𝑄 ⋆ 𝐹}
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𝐹1 ⋆ 𝐹2

The qubits in F1 and F2 are disjoint and their 

states can be expressed independently

Key idea: qubits as resources



Multiple qubits

𝜌 ∙ 𝑞1
∗𝑞2

∗ ↦ 𝛼 00 + 𝛽 01 + 𝛿 10 + 𝜔|11⟩

01 = 0 ⊗ |1⟩

tensor product

37

|𝛼|2 + |𝛽|2 + |𝛿|2 + |𝜔|2 = 1



Factorization for local reasoning

𝜌1𝜌2 ∙ 𝑞1
∗𝑞2

∗ ↦ 𝑠1 ⊗ 𝑠2

𝜌1 ∙ 𝑞1
∗ ↦ 𝑠1 ⋆ 𝜌2 ∙ 𝑞2

∗ ↦ |𝑠2⟩

• 𝑠1 = 𝑠2 = 1

• 𝑠1 , 𝑠2 , 𝜌1, 𝜌2 are not unique (differ by a constant)
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Factorization for local reasoning

𝑞1
∗𝑞2

∗ ↦ |01⟩

𝑞1
∗ ↦ 0 ⋆ 𝑞2

∗↦ |1⟩ 𝑞1
∗ ↦ 𝑖 0 ⋆ 𝑞2

∗↦ −𝑖|1⟩

(𝑖2 = −1)

≡
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Factorization for local reasoning

𝑞1
∗𝑞2

∗ ↦ |01⟩

𝑞1
∗ ↦ 0 ⋆ 𝑞2

∗↦ |1⟩ 𝑞1
∗ ↦ 𝑖 0 ⋆ 𝑞2

∗↦ −𝑖|1⟩

(𝑖2 = −1)

≡

40



Factorization for local reasoning

𝑞1
∗𝑞2

∗ ↦ |01⟩

𝑞1
∗ ↦ 0 ⋆ 𝑞2

∗↦ |1⟩ 𝑞1
∗ ↦ 𝑖 0 ⋆ 𝑞2

∗↦ −𝑖|1⟩

(𝑖2 = −1)

≡
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Factorization for local reasoning

𝑞1
∗𝑞2

∗ ↦
1

2
00 +

1

2
01 −

1

2
10 −

1

2
11

42



Factorization for local reasoning

𝑞1
∗𝑞2

∗ ↦
1

2
00 +

1

2
01 −

1

2
10 −

1

2
11

1

2
0 ⊗

1

2
0 +

1

2
1 −

1

2
1 ⊗

1

2
0 +

1

2
1
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Factorization for local reasoning

𝑞1
∗𝑞2

∗ ↦
1

2
00 +

1

2
01 −

1

2
10 −

1

2
11

1

2
0 ⊗

1

2
0 +

1

2
1 −

1

2
1 ⊗

1

2
0 +

1

2
1

1

2
0 −

1

2
1 ⊗

1

2
0 +

1

2
1
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Factorization for local reasoning

𝑞1
∗𝑞2

∗ ↦
1

2
00 +

1

2
01 −

1

2
10 −

1

2
11

1

2
0 ⊗

1

2
0 +

1

2
1 −

1

2
1 ⊗

1

2
0 +

1

2
1

1

2
0 −

1

2
1 ⊗

1

2
0 +

1

2
1

𝑞1
∗ ↦

1

2
0 −

1

2
1 ⋆ 𝑞2

∗ ↦
1

2
0 −

1

2
1
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Factorization for local reasoning

𝑞1
∗𝑞2

∗ ↦
1

2
00 +

1

2
11

𝑞1
∗ ↦ ? ? ? ⋆ 𝑞2

∗ ↦ ? ? ?
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Quantum heaps

ℎ ⊨ 𝐹1 ⋆ 𝐹2 iff exist   ℎ1, ℎ2 s.t. ℎ1 ∗ ℎ2 = ℎ ∧ ℎ1 ⊨ 𝐹1 ∧ ℎ2 ⊨ 𝐹2

𝝆

𝑸

𝝈

𝝆′

𝑸′

𝝈

𝝆𝝆′

𝑸⊗𝑸′

𝝈

∗ =

ℎ ℎ′ ℎ ∗ ℎ′
probability

quantum state

classical state
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Quantum heaps

ℎ ⊨ 𝐹1 ⋆ 𝐹2 iff exist   ℎ1, ℎ2 s.t. ℎ1 ∗ ℎ2 = ℎ ∧ ℎ1 ⊨ 𝐹1 ∧ ℎ2 ⊨ 𝐹2

𝝆

𝑸

𝝈

𝝆′

𝑸′

𝝈

𝝆𝝆′

𝑸⊗𝑸′

𝝈

∗ =

ℎ ℎ′ ℎ ∗ ℎ′
probability

quantum state

classical state
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Example: Deutsch’s algorithm
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Example: Deutsch’s algorithm
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allocation and deallocation



{ 𝒆𝒎𝒑 }

𝐶

{(𝑓= ↔ 𝑣 = 0) ∧ (𝑓≠ ↔ 𝑣 = 1) ∧ |𝒆𝒎𝒑⟩ }

Example: Deutsch’s algorithm
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balancedconstant



Example: Deutsch’s algorithm
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{ 𝒆𝒎𝒑 }

q* := qubit(2)

{𝑞∗ 0 ↦ 0 ⋆ 𝑞∗ 1 ↦ 0 ∧ 𝑞∗ = 2}



Example: Deutsch’s algorithm
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{𝑞∗[0] ↦ |0⟩}

H(q*[0])

{𝑞∗ 0 ↦
1

2
0 +

1

2
|1⟩}



Example: Deutsch’s algorithm
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{𝑞∗[1] ↦ |0⟩}

X(q*[1]);

{𝑞∗[1] ↦ |1⟩}

H(q*[1])

{𝑞∗ 1 ↦
1

2
0 −

1

2
|1⟩}



Example: Deutsch’s algorithm
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{𝑞∗ ↦ ⋯}

Uf(q*)

{𝑞∗ ↦ (
1

2
|0⟩ +

−1 𝑓 0 ⊕𝑓 1

2
|1⟩) ⊗ −1 𝑓 0 |−⟩}

{𝑞∗ 0 ↦
1

2
|0⟩ +

−1 𝑓 0 ⊕𝑓 1

2
|1⟩ ⋆ 𝑞∗[1] ↦ −1 𝑓 0 |−⟩}



Example: Deutsch’s algorithm
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{𝑞∗ 0 ↦ ⋯}

H(q*[0]);

{(𝑓= ∧ 𝑞
∗ 0 ↦ 0 ) ∨ (𝑓≠ ∧ 𝑞

∗ 0 ↦ |1⟩)}

v := measure(q*[0])

{(𝑣 = 0 ∧ 𝑓= ∧ 𝑞
∗ 0 ↦ 0 ) ∨ (𝑣 = 1 ∧ 𝑓≠ ∧ 𝑞

∗ 0 ↦ |1⟩)}



Example: Deutsch’s algorithm
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{𝑞∗ ↦ ⋯}

dispose(q*)

{|𝒆𝒎𝒑⟩}



Conclusion

Local reasoning for quantum computation
• Pure states + probabilities

• Separability via tensor-factorization

• Deutsch-Josza’s algorithm, Grover’s algorithm,…

Future works
• Completeness, entanglement

• Mechanization, decision procedures, automatic reasoning
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